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1.  Preliminaries  and  Notation 

This  paper  deals  with  various  structural  properties  of 
convex  sets  and  their  application  to  the  study  of  concave 
mappings.   The  investigation  was  prompted  by  a  programming  problem 
(the  fixed  charge  problem)  which  involves  the  minimization  of  a 
concave  function  on  a  convex  polyhedron.   In  the  fixed  charge 
problem  it  is  not  difficult  to  show  (by  an  argument  Involving  the 
form  of  the  function  and  the  polyhedral  character  of  the  domain) 
that  the  desired  inflmum  is  actually  attained  [8].   On  the  other 
hand  it  is  not  generally  true  that  a  concave  function  on  a  convex 
set  attains  its  Infimum,  and  it  is  natural  to  seek  conditions 
under  which  this  is  so.   The  search  for  such  conditions  leads  to 
the  study  of  representations  of  convex  sets  similar  to  the  Kreln- 
Milman  theorem. 

In  Section  2  we  introduce  the  notion  of  extreme  variety,  a 
generalization  of  extreme  points,  and  use  it  to  obtain  a  decomposi- 
tion of  an  arbitrary  convex  set  into  the  vector  sum  of  a  linear 
variety,  a  convex  cone,  and  the  convex  hull  of  the  extreme  points 
of  a  related  convex  set.   In  Section  3  we  exploit  this  decomposi- 
tion to  derive  simple  sufficient  conditions  for  the  attainment  of 
the  inflmum  of  a  concave  function.   In  particular  we  show  that  if 
the  domain  of  the  function  is  a  convex  polyhedron  and  the  Inflmum 
is  finite,  it  is  necessarily  attained.   In  Section  4  we  formulate 
the  fixed  charge  problem  and,  applying  the  previous  results, 
demonstrate  the  existence  of  a  solution. 
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All  sets  that  we  consider  are  subsets  of  a  real  finite 
dimensional  Euclidean  space  R.   Points  are  denoted  by  lower  case 
letters  and  sets  by  capitals.   For  the  open  interval  having  end- 
points  X  and  y  we  use  the  customary  notation  (x,y).   The  same 
notation  is  used  for  inner  product,  the  meaning  of  the  symbol 
always  being  clear  from  the  context.   The  signs  -  and  ~  denote, 
respectively,  vector  difference  and  set-theoretic  difference.  For 

the  vector  sum  of  sets  A^  ,k^, . . . ,A     we  use  either  A,+Ap+...+A  or 

n 
"^        A.  and  for  set-theoretic  intersection  either  A^H  k^H. . .  HA 

n 
or  D    A..      The  orthogonal  complement  of  a  linear  space  L  is 

denoted  by  L  . 

By  the  convex  hull  of  a  set  of  points  G  we  mean  the  minimal 
convex  set  comtalning  G.   A  linear  variety,  V,  is  a  translate  of 
a  linear  space.   A  hyperplane  relative  to  V  is  a  maximal  proper 
linear  variety  contained  in  V,  i.e.,  if  V  Is  of  dimension  d,  a 
hyperplane  is  any  d-1  dimensional  linear  subvariety.   A  section 
of  a  convex  set  K  is  the  Intersection  of  K  with  a  linear  variety. 

A  non-empty  subset  C  of  R  is  called  a  cone  if  x  ^  C  implies 
Ax  € C  for  every  non-negative  real  number  A.  A  cone  is  convex  if 
xtC  and  yCC  Implies  (x+y)  €  C. 

With  any  convex  set  K  there  is  associated  a  smallest  linear 
variety  R(K)  of  R  which  contains  K.   The  dimension  d(K)  of  the 
variety  R(K)  is  called  the  dimension  of  K.   In  the  theorems  which 
follow  R(K)  plays  a  more  important  role  than  R.   For  brevity  we 
shall  refer  to  a  hyperplane  relative  to  R(K)  as  a  relative  hyper- 
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plane  and  to  points  which  are  boundary  points  of  K  relative  to 
R(K)  as  relative  boundary  points, 

2.   Structure  of  Convex  Sets 

The  notion  of  extreme  point  has  emerged  vjithin  recent  years 
as  a  central  one  in  studies  of  convexity,  one  of  the  basic  results 
concerning  such  points  being  the  Krein-Mllman  theorem,  which 
asserts  that  a  closed,  bounded  convex  set  K  is  the  convex  hull  of 
its  extreme  points.   If  the  boundedness  assumption  is  relinquished, 
K  need  not  have  any  extreme  points,  and  the  Krein-Milman  result 
obviously  does  not  apply.   In  this  case,  however,  Klee  [9]  has 
shown  that  K  is  generated  by  its  extreme  points  and  extremal  rays, 
thus  generalizing  the  Krein-Milman  theorem. 

Our  goal  in  this  part  of  the  paper  is  to  obtain  a  generaliza- 
tion of  a  different  form,  one  that  is  adapted  to  the  application 
referred  to  in  the  introductory  section.   We  shall  show  that 
every  closed  convex  set  K  has  a  section  M  which  has  at  least  one 
extreme  point  and  is  such  that  K  can  be  represented  as  a  vector 
sum  in  which  M  is  one  of  the  components.   In  turn  M  will  be  seen 
to  be  the  vector  sum  of  the  convex  hull  H  of  its  extreme  points 
and  an  associated  cone.   The  advantage  of  the  resulting  representa- 
tion of  K  lies  in  the  fact  that  the  search  for  "small"  values  of  a 
concave  function  on  K  can  be  restricted  to  the  set  H. 

We  begin  by  introducing  the  concept  of  an  "extreme  variety": 
A  linear  variety  V  ci  K  is  called  extreme  if  K  ~  V  is  convex,  or 
equivalently,  if  p  e  V  and  p€(x,y)c:K  imply  (x,y)  c:  V.   Clearly 
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an  extreme  point  is  an  extreme  variety  of  dimension  zero.   Although 
a  closed  convex  set  need  not  contain  an  extreme  point,  it  must 
always  contain  an  extreme  variety,  and  all  its  extreme  varieties 
are  par  llel  spaces  of  the  same  dimension,  as  Theorem  2.5  shows. 
To  smooth  the  way  for  the  proof  of  this  result  and  its  consequences 
we  state  as  lemmas  the  following  obvious  facts: 

2.1.  LEMMA.   If  W  and  W*  are  linear  varieties  in  K,  and  W 
is  a  proper  subset  of  W*,  then  W  is  not  an  extreme  variety. 

Proof:   Clearly  each  point  in  W  is  a  convex  combination  of 
two  points  in  W*  ~  W.   Hence  K  ~  W  is  not  convex. 

2.2.  LEMMA.   If  K  contains  a  translate  of  a  cone  C,  then 

K  =  K  +  C  , 

In  the  special  case  when  C  is  a  linear  space,   K  may  be  written  in 
the   form 

K  =  K+C=K  +  c    , 

where  c ^ C  is  arbitrary. 

Proof:   Clearly  Kci  K  +  C.   The  converse  is  a  consequence  of 
the  closure  of  K.   For,  by  hypothesis,  there  is  a  point  p  such  that 

p  +  C  c:  K  .  ...  ,.;. , 

Hence,  if  qeK,  reC,  and  M-  ^  1  are  chosen  arbitrarily,  we  have 
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Letting  p.  — >  ck  ,    it   follows   that 

q+  r  fe  K    . 
Thus 

K  =  K+  C    . 

If  C  is  a  linear  space,  and  ce.C  is  arbitrary,  we  have  for 
each  point  ks.  K, 

k  =  [(k-  c)  +  c]  €  [(K+  C)  +c]  . 

Since  K+C  =  K,    it  follows   that 

K  c:  K  +  c    . 

Obviously  ..    , 

K+cc^K+C  =  K, 

and  hence 

K  =  K+  c    . 

2.3.   THEOREM.   Every  closed  convex  set  K  contains  an 
extreme  variety.   Moreover,  all  extreme  varieties  of  K  are  trans- 
lates of  each  other,  each  having  the  dimension  of  the  linear 
variety  of  maximum  dimension  in  K. 

Proof:   Let  W  =  p+  L  and  W*  =  p* + L*  be  linear  varieties 
in  K.   If  L  is  not  contained  in  L  ,  then  W*  +  L  properly  contains 
W*  and  by  Lemma  2.2  is  contained  in  K.   It  follows  from  Lemma  2.1 
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that  W*  is  not  an  extreme  variety.   Thus  a  necessary  condition  for 
W*  to  be  an  extreme  variety  is  that 

L  CZ.L*   , 


which  establishes  the  assertion  that  an  extreme  variety  is  of 
maximal  dimension.   It  proves  also  that  if  W  and  W*  are  two 
extreme  varieties,  then 

L  =  L*  , 
and  consequently 

W*  =  (p*-  p) + W  . 

To  complete  the  proof  we  need  only  demonstrate  the  existence 
of  an  extreme  variety  in  K.   We  do  this  by  induction  on  the 
dimension  d  of  K.   Clearly  the  assertion  is  true  if  d  =  0, 
Suppose  it  has  been  proved  for  d  <  n,  and  suppose  K  is  n- 
dimenslonal.   If  K  has  no  relative  boundary  points,  then  K  =  R(K), 
and  K  is  an  extreme  variety  of  itself. 

Assume,  therefore,  that  K  has  a  relative  boundary  point  p. 
Let  S  be  a  relative  hyperplane  which  supports  K  at  p.   By  the 
inductive  hypothesis,  S  0  K  admits  an  extreme  variety  W.   Let  q 
be  any  point  such  that 

(1)  q  eW  , 
and,  for  some  interval  (x,y)  c.  K, 

(2)  q  e (x,y)  . 
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Since  q€S,  and  S  supports  K,  we  must  have 

(3)  (x,y)c;  SDK. 

It  follows  that 

(^)  (x,y)c:W  , 

since  W  is  an  extreme  variety  of  S  D  K.   Finally,  since  (l)  and 
(2)  imply  (4),  we  conclude  that  W  is  an  extreme  variety  of  K, 

A  very  useful  special  case  of  Theorem  2.3  is  the  following: 

2 A,      COROLLARY.   A  closed  convex  set  K  contains  an  extreme 
point  if  and  only  if  it  contains  no  line. 

Proof:   The  corollary  follows  from  the  observation  that 
extreme  points  are  extreme  varieties  of  dimension  zero,  and  these 
are  the  only  such  extreme  varieties. 

As  the  following  counter-example  shows.  Theorem  2.3  does  not 
hold  in  an  infinite-dimensional  linear  topological  space  without 
further  assumptions  about  the  structure  of  the  space.   Let  (^     be 
the  space  of  real-valued,  continuous  functions  9(t)  defined  on  the 
interval  0  ^  t  _^  1  and  vanishing  at  t  =  0.   With  the  norm  defined 
by 

||9||  =   sup   l9(t)|  , 

0_^t_^l  "  '  *  • 

consider  the  unit  rolid  sphere  K.   Obviously  K  is  closed  and 
contains  no  linear  variety  of  positive  dimension.   It  is  easy  to 
see  that  it  contains  no  extreme  points.   For  if  9   is  an  arbitrary 
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point  In  (^   ,    and  a  satisfies  the  inequality  0  <  a  <  1,  there 
exists  a  real  number  t,  0  *=  t  <  1,  such  that 


|0(t)|  <  1  -a 


for  all  t  in  the  interval 


0  <  t  <  T 


Then  putting 


^0(T)-at       i 
0(t)  =  \    9(t)  -aCx-  t)  , 
0{t) 


k. 


and 

r 
0(t)  +at 

0(t)  =  \   0(t)  +  a(T-  t) 

e(T) 

we  have  e(T)eK,  0(T)eK,  and 


0  <  t  <  ^  ■ 


i  I  t  1  '^ 


T  <  t 


0  I  t  ^  -^ 
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T  <  t  <  1 


0  =  1  0  +  1  e 


Hence  9  is  not  an  extreme  point. 

V/e  turn  next  to  a  decomposition  theorem  for  an  arbitrary 
closed  convex  set  K,  which  shows  that  each  such  set  is  the  vector 
sum  of  a  section  having  at  least  one  extreme  point  and  a  linear 
space.   By  imposing  the  additional  requirement  that  the  two 
components  of  the  sum  be  orthogonal,  the  decomposition  become 
unique. 
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2.5.   THEOREM.   Let  K  be  a  non-empty  closed  convex  set.   There 
exists  a  unique  decomposition  of  K  having  the  form 

(5)  K  =  L+M  , 

1 

where  L  is  a  linear  space,  M  is  a  closed  convex  subset  of  L  ,    and 

M  contains  at  least  one  extreme  point. 

Remark.   It  is  clear  from  (5)  that  M  is  a  section  of  K, 

± 
namely,  M  =  K  D  L  •   We  refer  to  L  as  the  linear  space  determined 

by  K  and  to  M  as  the  L  -section  of  K. 

Proof:   By  Theorem  2.3  K  contains  an  extreme  variety,  say 
p  +  L.   Decomposing  p  into  orthogonal  components 

p  =  -g  +  m 
^    P   P 

_L 
where  ^_  <c  L  and  m  fe  L  ,  we  can  express  the  extreme  variety  in  the 

form 

p  +  L  =  m_  +  L  . 
P 

Set 

I 

M  =  L"  0  K  . 

It  follows  from  Lemita  2.2  that  ,      , 

'  L+M  (^K   . 

Conversely,  expressing  an  arbitrary  point  k e  K  in  the  form 

k=  ij^  +  mj^  , 
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where  £,  fe  L  and  ni,  e  L  ,  we  see  from  Lemma  2.2  that 

nij^  =  k  -  i^<c  K  , 

and  therefore 

K  ciL  +  M  . 

Thus, 

K  =  L  +  M  . 


We  observe  next  that  m  is  an  extreme  point  of  M.   For,  if 
there  is  an  interval  (x,y)  such  that 


m  e  (x,y)  o  M  ccK  , 

ir 


then 


(6)  (x,y)c:m+L, 

since  ni  +  L  is  an  extreme  variety  of  K.   But  (6),  together  with 
the  fact  that 

(x,y)  ci  L   , 


implies 


(x,y)  =  mp  . 


Hence,  m  is  an  extreme  point  of  M. 

To  prove  the  uniqueness  of  the  representation  (5)  suppose 
that  there  are  two  .juch  decompositions: 


/V      A 


(7)  K  =  L  +M  =  L  +  M  . 

Let  m  be  any  extreme  point  of  M.   We  shall  show  that  the  linear 
variety 

V  =  L  +  m 


01 


ctsr;. 
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Is  an  extreme  variety  of  K.   Assume  that  q  eV  and  q  £(x,y)  <z,  K. 
Then 

q=i  +  rn  =  -^(r+s)  , 

where  £€L,   r€:(x,y),  and  se(x,y).  By  (7)  we  can  express  r  and  s, 
respectively,  in  the  forms 

r  =  i^-fm^ 
and 

s  =  ^2  "^"^  » 
where  £.€  L  and  m.e  M,  j  =  1,2.   It  follows  that 

(8)  m  -|  (m^+  m^)  =  ^  {Z^+  li^)  -  £   . 

The  vectors  on  the  right-hand  side  of  (8)  are  orthogonal  to  those 
on  the  left.   Hence,    '"  .'  '  '      >'  ' 

( 9 )  m  =  ^  ( m-j^  +  mg )  . 
Since  m  is  an  extreme  point  of  M,  (9)  implies 


Thus 
and 


m-i  =  mp  =  m  . 


r  =  ^^  +  m  eV  , 


s  =  ip  +  m  eV 


It  follows  th^t  (>:,y)c::V,  and  V  is  an  extreme  variety.   The 

same  argument  !?.hcv:G  that  an  appropriate  translate  of  L  is  an 

extreme  variety,  and  since  all  extreme  varieties  are  parallel  to 
each  other,  we  must  have 


XX 


r 

4    { 43  +  "i )   ^r  ^  m  +  S    =   D 
^soH?  o.-t  i;rTj'\^iOri:f'jo  4ts   (8)  li5  sfcta  foriBrf-^fisl'i  ©li;^  no  »'<o^'}^j\/  sciT 


«   fil   =  o^i   -    ,"'i* 


12 
L  =  L  . 

M  =  K  n  L~  =  K  ^  L"^  =  M  , 


Finally, 

I  ^  -^  I       A 


Which  completes  the  proof  of  the  theorem. 

We  are  now  in  a  position  to  obtain  a  more  complete  decomposi- 
tion of  a  closed  convex  set  K,  which  generalizes  (in  finite 
dimensional  space)  the  Krein-Milman  theorem.   To  provide  a  succinct 
statement  of  the  result  we  introduce  the  concept  of  a  cone  deter- 
mined by  a  closed  convex  set:  Let  pcK  be  arbitrary,  and  let  Cjrlp) 
be  the  set  of  all  points  x  such  that 

p  +  Ax  e  K         .  "  •  - '.   ,,    G  . 

for  all  A  ^  0.   Although  p  ostensibly  enters  the  definition  of 
Cj,(p),  the  set  is  in  fact  independent  of  p.   For  clearly  Cj^(p)  is 
a  cone  such  that  p+Cr,{p)  <^K.     Hence,  by  Lemma  2.2,  if  x  e  Cy.{p) 
and  qeK  are  arbitrarily  chosen,  we  have 

q  +  Ax  6  K 

for  all  7^  ^  0.   It  follows  that  x€CTr(q),  and  therefore 

Cj^(p)  <c:Cj^(q)  . 

Since  p  and  q  play  symmetric  roles, 

Cj^(p)  =  Cj^(q)  .       ,  . 


In  the  sequel  we  denote  this  cone  by  C^  and  refer  to  it  as  the 
cone  determined  by  K.  It  is  easy  to  see  that  C„  is  closed  and 
convex. 


vYXiSK'-'^^ 


JO  B  lo  cTq^..  ril  ew  cfluoeT:  sd^  It  ^nsai-3.'?:'§Ja 

Ji  •>  >;a  +  p 


13 


According  to  Theorem  2.5  K  determines  a  linear  space  L  such 

J. 
that  the  L  -section  of  K  has  an  extreme  point.   Denoting  this 

section  by  M,  we  note  that  since  M  contains  an  extreme  point,  Cj^^ 

is  a  pointed  cone.   We  refer  to  Cj,  as  the  pointed  cone  determined 

by  K  and  observe  that 

JL 

Our  main  result  concerning  the  decomposition  of  K  can  now  be 
expressed  as  follows: 

2.6.   THEOREM  .   A  closed  convex  set  K  is  the  vector  sum  of 
the  linear  space  L  it  determines,  the  pointed  cone  Cj^  it  determines., 
and  the  convex  hull  Hj^.  of  the  extreme  points  of  M,  i.e., 

K  =  L+Cj^  +  Hj^  . 

Proof:   By  Theorem  2.5  it  suffices  to  show  that 

M  =  Hj^  +  Cj^  . 

From  the  definition  of  Cj^  we  see  that 


H^+Cj,cM 


We   shall  prove   that 


(10)  MeHj^+    C^ 

by  induction  on  the  dimension  d(M)  of  M.  Obviously  (10)  is  true 
if  d(M)  =  0.  Assume  it  has  been  proved  for  ddVI)  <  n  and  suppose 
d(M)  =  n.   Let  pe  M  be  arbitrary,  and  let  L  be  any  line  in  R(M), 


^   In  the  case  of  a  convex  polyhedron  containing  at  least  one 
extreme  point,  the  decomposition  described  in  this  theorem  was 
observed  to  hold  by  A.  Tucker  [6,7],  but  his  methods  do  not  seem 
to  apply  to  the  general  case. 
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the  smallest  linear  variety  containing  M,  which  passes  through  p. 
Since  M  is  closed  and  (by  Corollary  2.4)  contains  no  line,  L  A  M 
is  either  a  closed  half-line  or  a  closed  bounded  line  segment. 

If  L  n  M  is  a  half-line,  it  has  an  endpoint  t  which  we  can 
express  in  the  form 

t  =  p  +  A  u  , 

where  u<cR(M),  A*  j^  0,  and  for  all  A  >  A*,  p  +  AutL  AM,   Clearly 
t  is  a  relative  boundary  point  of  M.   Hence  there  is  a  relative 
hyperplane  S  which  contains  t  and  supports  M.   Applying  the 
inductive  hypothesis  to  S  0  M  we  conclude  that 

It  is  clear  from  the  definition  of  C  that 


^s  om'^^n  ' 


and  since  S  supports  M, 


Hence 


Observing  that 


^SnM  "^^M  * 


t  ^  ^  +  ^M  • 


-A    U   £  Cjyj    , 


it  follows  that 

p  =  t  -A*u  €{Hj^  +Cj^)  +  Cj^  =  E^+  C^   . 
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If  L  0  M  is  a  bounded  line  segment,  it  has  endpolnts  t  and  t' 
(which  coincide  if  L  H  M  consists  of  a  single  point),  which,  by 
the  argument  leading  to  (11),  both  belong  to  Hj,+  Cj..   Since  ^m  +  '^m 
is  convex,  and  p  is  a  convex  combination  of  t  and  t',  we  have 

p  £  Hj^  +  Cj^  . 

This  concludes  the  proof. 

3.   The  Inflmum  of  a  Concave  Function 
In  this  section  we  apply  the  preceding  results  to  the 
problem  of  determining  conditions  under  which  a  concave  function 
V  on  a  closed  convex  set  K  attains  its  infimura.  Assume  that  f   is 
bounded  below.   Without  further  assumptions  about  r!/   or  K  it  is 
evident  that  f   need  not  assume  its  infimum.   Consider,  for  example, 
the  set  K  in  2-space  consisting  of  pairs  (x,,Xp)  such  that  x,  >  0, 
Xp  ^  0,  and  x,Xp  ^  1.   Let  ^(x,,X2)  =  Xp.   Then, 

inf    ^(x, ,Xp)  =  0  , 

which  is  not  attained.   As  the  following  theorem  shows,  the  attain- 
ment or  non-attainment  of  the  infimum  is  determined  by  the  behavior 

J.  J. 

of  f   on  the  extreme  points  of  L  -section  of  K,  where  L  is  the 

orthogonal  complement  of  the  linear  space  determined  by  K. 

3.1.   THEOREM.   Let  the  concave  function  Tp   on  the  non-empty 
closed  convex  set  K  be  bounded  below,  tp   assumes  its  infimum  or  if 
and  only  if  the  restriction  of  ^  to  the  set  E^.  of  extreme  points 
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of  M  =  K  n  L  assumes  its  infimum.   When  it  is  assumed,  cr'is 
assumed  on  Ej^. 

Proof:   It  suffices  to  show  that  to  each  point  peK  there 
corresponds  an  extreme  point  e  G  E„  such  that 

(12)  ^(p)  >  fie)    . 

To  this  end  we  express  p  in  the  form 

p  =  i  +  c  +  h  , 


where  (using  the  notation  of  Theorem  2.6)  ££L,  c  £  Cj^,  and  h  e  Ey.. 
Since  the  function 


^*(i)  =  Tp{£  +  c  +  h) 


is  concave,  bounded  from  below,  and  has  the  linear  space  L  as  its 
domain,  ij/*   is  a  constant.   Thus, 

i;*{Z)    =  f*{0)    , 
that  is, 

'Hp)  =  ^(c  +  h)  . 

We  shall  show  that 

^(p)  >   ^(h)  . 


Let  A  >  1.   Then,  since  h  and  h  + Ac  both  belong  to  M,  and 


c  +  h  =  — ^  h  +  Y  ( h  +  Ac ) ,  we  have 


^(p)  =  f(c  +h)  >  -^  ^(h)  +i  "^(h+  Ac)  >  ^  V(h)  +^  ^ 


Letting  A  — >  oo ,  we  conclude  that 
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T//(p)  >  fih)    . 
Since  h  eHj^,  there  exist  extreme  points  e,,...,e  of  M  such 


that 


where  >>.  ^  0  and  >    ^^  =  !•   Henc( 
^  .1=1   '^ 


^{ 


p)  >  ^(h)  >  XZ  7^4  ^(ej  >  min  ^(e  )  =  ^(e   )  , 
.1=1  '^  '^  l-'j^r    "^       'Jq 


where  1  ^  Jq  ^  r.   This  establishes  (12)  and  completes  the  proof. 

J. 

3.2.  COROLLARY.  Tp   assumes  the  infimum  if  M,  the  L  -section 

of  K,  has  a  finite  number  of  extreme  points.   In  particular,  i/ 
assumes  its  infimum  on  a  closed  convex  polyhedron. 

2 

5.3.  COROLLARY.   t^  assumes  its  infimum  if  Hj,^,  the  convex 

j_ 
hull  of  the  extreme  points  of  the  L  -section  of  K,  is  compact  and 

^  is  lower  semi-continuous  on  H^.. 

Proof:   Let  ^e^  ^  i^O  be  a  sequence  of  positive  numbers  and 
[x  I  a  sequence  of  points  in  Hjy,  such  that        •=  -   -  ^.r 

^(x^)  <  cr  +  e^  . 


This  corollary  remains  valid  if  the  set  Hj^.  appearing  in  it  is 
replaced  either  by  E^.,    the  set  of  extreme  points  of  M,  or  by  K, 
the  convex  set  itself.   However,  if  E„  is  compact,  it  follows 
that  Hj^  is  compact  (but  not  conversely),  and  if  K  is  compact, 
K  =  Hjyj.   Hence  3' 3  is  the  most  general  statement. 
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Without  loss  of  generality  we  assume  that [x^ converges,  and  we  put 


where 


lim   X  =  x„  , 

n    o  ' 
n-?-  00 


^o^^M  • 


Let  e  =*  0  be  arbitrary.   Then  for  all  sufficiently  large  values 
of  n, 


Thus 


fixj    >  ^(x^)-  e  . 


cr  +  e^  >  f{x^)  -  e   . 


Letting  n  — >  oo  and  e  — >  0,  it  follows  that 


(T  1  ^(Xq)  . 


Since  -r  =   inf  ^(x)  , 
xfeK 


V'(x^)   =a^   . 


h.      The  Fixed  Charge  Problem-^ 
There  is  an  important  problem  in  the  programming  area  to 
which  the  preceding  results  are  relevant.   It  arises  in  any 
situation  which  involves  the  planning  of  a  large  number  of  inter- 
dependent activities,  some  (or  all)  of  which  have  set-up  time 
charges.   Consider,  for  example,  a  factory  in  which  n  distinct 

operations  are  performed  by  each  of  m  machines.   Let  h. .  and  c. ., 

1 J      1 J 


^  The  authors  wish  to  acknowledge  the  participation  of  George  B. 
Dantzig  in  the  work  described  in  this  section. 
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i  =  l,...,m,  0  =  l,...,n,  denote,  respectively,  the  time  consumed 
and  the  cost  Incurred  by  the  j   machine  In  performing  the  1 
operation  on  a  unit  amount  of  goods.   Suppose  that  there  is 
Incurred  a  fixed  cost,  say  b. .,  in  setting  up  the  j   machine  to 
perform  the  1   operation.   (We  ignore  the  time  involved  in  this 
activity.)  Let  x .  .  denote  the  quantity  of  goods  on  which  the  1 
operation  is  performed  by  the  j   machine,  and  b.  the  total 
quantity  of  goods  on  which  it  is  required  to  perform  the  1 
operation.  Evidently  the  quantities  x. .  must  satisfy  the 
conditions 

n  '    ^'         '--^    ■ 

(13)  UjX,j=b^, 

and 

1  =  l,...,m 

(14)  ^ij  -  ^ 

J  —  J.,»».,n  • 


Moreover,  if  c  .  denotes  the  total  machine  hours  available  for  the 

J 

j   machine,  we  have  the  additional  constraints 


(15)  |I^h^j  ^ij  -  °j  '  j  =  ^---^ 

The  total  cost  of  operation  is  given  by  the  function 


m   n 
(16)  ^ 

J 

where 
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The  problem  is  to  minimize  (l6),  the  cost  function,  subject  to  the 
constraints  (13),  (1^),  and  (15).   The  difficulty  is  due  to  the 
fact  that  (l6)  is  a  sum  of  functions  each  of  which  has  a  jump 
discontinuity  at  the  origin. 

More  generally,  let  q,P-,,...,P^  be  points  in  R  ,  and  let  X 
denote  the  set  of  all  points  x  =  (x,,...,x^)  in  R^  (n  >   m)  which 


^jPj '  <> 


satisfy 

the 

relations 

(17) 

n 

and 

(18) 

''J- 

Put 

(19) 

^(x 

j  —  l,«..,n  • 


n 


fix)   =  y~  a.x,  +P.  5(x.  ) 
■4-^  1  1   i    1 


where  a,,..., a  ,  P^,...,B  are  constants.  We  refer  to  the  problem 
of  minimizing  f   over  the  set  X  as  the  fixed  charge  problem  and  to 
the  constant  P.  as  the  fixed  charge  associated  with  the  i 
activity. 

In  one  very  special  case  it  is  possible  to  reduce  the  fixed 
charge  problem  to  that  of  linear  programming,  namely,  when  the 
fixed  charges  are  all  equal  and  non-negative. 

k.l.      THEOREM.   Let 

n  n 

V'  =  m  a.x.  +  p  > 5(x.  )  ,        P  >  0  , 

1^  ^  ^    1=1    ^ 

and 
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Suppose  that  the  point  q  appearing  in  (1?)  does  not  lie  in  any 
subspace  of  R  spanned  by  fewer  than  m  of  the  points  P,,...,P 
(non-degeneracy  assumption).   Then  there  exists  an  extreme  point 
x<cX  having  exactly  m  positive  components  at  which  both  V  and  ^ 

are  minimized.  Moreover,  any  point  x  with  m  positive  components 

*  ^■ 

which  minimizes  f     also  minimizes  ^. 

Proof:  Under  the  non-degeneracy  assumption  any  vector  x 

satisfying  (1?)  must  have  at  least  m  non-zero  components.   Since 

n 
the  sxim,  )   5(x.  ),  is  equal  to  the  number  of  non-zero  components 

of  X,  we  have  -  ^■'  ' 

n 
(20)    Inf  ^(x)  >  inf  ^*{x)  +  P  inf  S~"  a(x,  )  >  inf  Tp*{x)  +  mP  . 


xeX       x€X         xeX  1=1    ^    xeX 


It  is  well-known  from  the  theory  of  linear  programming  that  under 
the  assumption  of  non-degeneracy  there  is  an  extreme  point  xfcX 
having  exactly  m  positive  components  at  which  ip*   is  a  minimum. 
At  such  a  point  ip   assumes  the  value 

fix)   =  ^*(x)+mP  .  " 

Hence,  from  (20) 

Tjj{x)   =  f*{x)  +  mP  >   inf  V(x)  ^  inf  ^*(x)  +  mP  =  ■^*(x)  +mP  =  -^(x)    , 

xeX       xeX 

which  completes  the  proof. 


Since  the  simplex  method  leads  to  a  point  x  with  m  positive 

components  at  which  f     is  a  minimum,  this  method  can  also  be  used 
to  solve  the  fixed  charge  problem  with  a  constant  positive  fixed 
charge. 
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In  the  general  case,  when  the  fixed  charges  P^  vary  with  1, 
there  is  no  expedient  computational  algorithm,  but  as  the  following 
theorem  asserts,  the  minimum  is  assx^med  at  an  extreme  point. 

4.2.   THEOREM.   If  the  function  ^  defined  in  (19)  is  bounded 
below  and  P.  ^  0,  i  =  l,...,n,  then  ip   assumes  its  infimum  C. 
Moreover,  cj'is  assumed  at  an  extreme  point. 

Proof:  Since  V  is  concave,  and  the  domain  defined  by  (1?) 
and  (l8)  is  a  closed  convex  polyhedron,  the  theorem  follows  from 
Corollary  3. 2. 

In  certain  logistical  problems  [8]  the  cost  function  is  a 
generalization  of  (19)  having  the  form 

n         p      Z'        rk      \ 
(21)      ^(x)  =  ^  a  X  +^  P  5(   ;        X     , 

j^  J  J   7^  ^   Vj4r-l)k+l  V 

where  n  =  kp.   Clearly  (21)  reduces  to  (19)  when  p  =  n  and  k  =  1. 
We  refer  to  the  problem  of  minimizing  (21)  under  the  constraints 
(17)  and  (l8)  as  the  generalized  fixed  charge  problem.  For  this 
problem  there  is  no  analogue  of  Theorem  4.1,  but  once  again 
Corollary  ^.2   shows  that  the  infimum  is  assumed  at  an  extreme 
point. 
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